We employ nPI effective action techniques to study N = 4 super Yang-Mills, and write down the 2PI effective action of the theory. We also supply the evolution equations of two-point correlators within the theory.
Introduction
Our current understanding of phenomena in thermal equilibrium is extensive, but many of the processes which give deeper insights into our fundamental understanding of nature begin far away from equilibrium. There is abundant experimental data concerning the early stages of heavy-ion collisions, which requires the development of a nonequilibrium theoretical framework to allow for correct interpretation of the data. Furthermore, we might be able to make contact with the study of black hole formation and evaporation (see, for example [1] ) by using the AdS/CFT correspondence [2] . This widely studied correspondence postulates an exact equivalence between string theory on the AdS 5 × S 5 background and (3 + 1)-dimensional N = 4 super Yang-Mills theory (SYM) (for comprehensive reviews, see [3] and [4] ). It is the best understood example of a gauge/gravity theory duality, i.e. of holography, a groundbreaking hypothesis which says that any gravitational theory should have a description in terms of a QFT with no gravity in one less dimension. It is precisely this N = 4 SYM which we wish to study further in a nonequilibrium setting.
The problem of studying nonequilibrium phenomena is two-fold, because we not only need to take into account quantum fluctuations, but we also need to deal with a very large number of degrees of freedom. Classical statistical field theory simply is not good enough, and standard perturbative approaches based on small deviations from equilibrium are not applicable: secular, time-dependent terms may appear which invalidate the perturbative expansion. For example, in [5] it was argued that for SU (N ) Yang-Mills on a sphere, the high temperature phase of the theory is intrinsically non-perturbative. In recent years, so-called nPI effective action techniques have been developed [6, 7, 8, 9, 10] , allowing us to use nonperturbative approximations to get a handle on nonequilibrium dynamics, in the hope of ensuring non-secular and universal behaviour (meaning that the initial conditions do not affect the late-time behaviour). Of particular interest is the precise time evolution of quantum fields whose initial state is far from equilibrium. Relevant references relating to far-from-equilibrium quantum fields and thermalization include [11, 12, 13, 14, 15, 16, 17, 18, 19, 20] . For a comprehensive review on progress in nonequilibrium QFT, see [21] and the references therein, and the book [22] . This paper is arranged as follows. In section 2 we present our results: we give the 2PI effective action of N = 4 SYM, and also write down the evolution equations of the 2-point correlators for the scalars, gluons, fermions and ghosts within the theory, in the nonequilibrium realm.
The nPI Effective Action Approach
In order to study nonequilibrium quantum field theory, one first needs to specify an initial state at some time t 0 , which is usually done by specifying a density matrix ρ D (t 0 ) which is not a thermal equilibrium density matrix. Equivalently one can specify all initial n-point correlation functions, although in practice one often supplies only the lowest correlation functions at t 0 . The time evolution of this initial state (i.e. these initial correlation functions) is then encoded in the functional path integral with classical action S. For example, in the case of a real scalar field ϕ, the nonequilibrium generating functional for correlation functions is of the contour, the forward piece, C + , and the bottom backward piece C − . Time ordering along the contour is largely intuitive: we want any time on C − to be later than any time on C + , so we use normal time ordering on the forward piece, and antitemporal time ordering along the backward piece. Time integration along the contour is given by
In (2.1) we have included n source terms J 1 (x), J 2 (x, y), · · · . Now, the standard prescription for writing down a 1PI (one particle irreducible) effective action involves introducing only the J 1 source term when setting up the generating functional, but in order to extend this to the so-called "nPI" (n particle irreducible) effective action, we need to introduce n source terms. In practice, an equivalence hierarchy exists between nPI effective actions, and means that one can avoid having to calculate the effective action for arbitrarily large n. For a q-loop approximation, this hierarchy states that all nPI descriptions with n ≤ q are equivalent, so only the qPI effective action is required. In our analysis of N = 4 SYM we will be interested in a two-loop approximation, which amounts to calculating the 2PI effective action of the theory. In (2.1) this would amount to including only the sources J 1 (x) and J 2 (x, y), so that we can rewrite the two-source generating functional as
where ϕ ± are eigenstates of the Heisenberg field operators at initial time, namely Φ(t = 0, x)|ϕ ± = ϕ ± ( x)|ϕ ± . It follows from (2.3) that the structure of the nonequilibrium partition function is very similar to the zero temperature and thermal case, apart from the additional piece coming from the initial conditions, and the time ordering along C replacing the original time ordering along only C + . In principle, barring the initial conditions, we should be able to do our calculations at zero temperature, and easily transform our results to fit the nonequilibrium case by introducing the Schwinger-Keldysh contour. Indeed, notice that in (2.3) the second integral is basically just the vacuum generating functional for connected Green's functions for a scalar field theory with classical action S[ϕ], in the presence of two source terms,
Now, in order to obtain the equations of motion of the correlation functions of such a simple scalar field theory, thereby fully describing it, one first extracts the effective action Γ from S by performing suitable Legendre transforms. In addition to the Legendre transform of the generating functional necessary to obtain the 1PI effective action, we simultaneously perform a second Legendre transform to get the required 2PI effective action, namely
In (2.5), φ(x) is the macroscopic field (i.e. the field expectation value of ϕ) and G(x, y)
is the connected two-point function. An nPI effective action would require n simultaneous Legendre transforms of this type. Finally, first order functional derivatives of this effective action with respect to the appropriate correlation functions (in the absence of sources) then provide the corresponding equations of motion via the so-called "stationarity conditions",
For more on the 2PI effective action of scalar and fermion fields, see [6, 7, 8, 21] and the references therein. . In order to quantize this theory properly we need to gauge-fix, which we do using the Faddeev-Popov procedure. Together with the gauge-fixing term − 1 2ξ T r(∂ µ A µ ) 2 and ghost term T r(−η∂ µ (∇ µ η)) (with ghost fields labelled by η and anti ghosts byη), the N = 4 SYM action is given by
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where
and
(2.9)
In the above, ∇ µ is the covariant derivative, with ∇ µ η = ∂ µ η + ig[A µ , η], and we work in the Feynman 'tHooft gauge where ξ = 1. The free gluon, scalar, fermion and ghost propagators (denoted D 0 , S 0 , △ 0 , and G 0 respectively) are given by
The 2PI effective action of N = 4 SYM is given by by the respective macroscopic field (the field expectation value), and using the vertices obtained from this shifted action to build the higher loop 2PI diagrams.
At two-loop order, the fourteen diagrams given in Figure 2 contribute to Γ 2 in (2.11).
The wavy lines correspond to gluons, straight lines to scalars, arrowed lines to fermions and dashed arrowed lines to ghosts. Vertices with black dots correspond to cubic vertices with the shift fields. We will keep only the diagrams at leading order in g (i.e. g 2 ). Then all diagrams which depend on the macroscopic fields do not contribute, since they are all either
Hence, we can exclude all diagrams in Figure 2 which contain black dots.
We will label the eight leading order diagrams according to the propagators they contain.
Thus, starting from the top row in Figure 2 and going from left to right, we have S 2 , DS, D 2 , D 3 , S 2 D, △△D, △ 2 S, and GḠD. Thus,
We can evaluate the 2PI effective action of N = 4 SYM to O(g 2 ) by using the free propagators when evaluating each of the diagrams. Due to the conformal and supersymmetric nature of N = 4 SYM, we expect the effective action to vanish, and it does. This is a first check that our effective action is indeed correct.
Evolution Equations of N = 4 SYM
Having determined which 2PI diagrams contribute to the 2PI effective action of N = 4 SYM, we can use the stationarity conditions to write down the equations of motion for each of the fields in our theory [15, 21] . This involves writing down the self energy Σ(x, y)
for each propagator in the usual way (by cutting that propagator line on each of the 2PI diagrams at our disposal). As mentioned in the beginning of section 2, barring the initial conditions, we should be able to do our calculations in the vacuum, and easily transform our results to fit the nonequilibrium case by introducing the Schwinger-Keldysh contour.
For scalars, the equations of motion are
The superscript (s) refers to scalars (and similarly, throughout this paper, the superscripts (gl)=gluon, (f )=fermion and (gh)=ghost).
The integro-differential evolution equations in (2.13) are for the scalar statistical propagator F (s) (x, y) and the scalar spectral function ρ (s) (x, y), which are obtained via a splitting of the scalar two-point function [14, 15] 
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The preference in using F (x, y) and ρ(x, y) is that they are both real, which makes their evolution equations intrinsically more manageable, and more importantly they have handy physical interpretations. The spectral function involves the spectrum of the theory while the statistical propagator deals with occupation numbers.
The quantities Σ (s)
F (x, y) and Σ
(s)
ρ (x, y) arise from a similar splitting of the scalar selfenergy, namely
The local term Σ (0)(s) (x) is part of a generalized "mass" term. (When considering the evolution equations for the other fields in N = 4 SYM, we perform a similar splitting of the two-point functions and corresponding self-energies, and label them by the superscripts (gl), (f ) and (gh)).
Of course, the scalar evolution equations in (2.13) are quite general. In order for them to apply specifically to N = 4 SYM, we need to write down the quantities Σ (s)
in the context of this theory. These quantities are related to the corrections to the scalar propagator, which we obtain by cutting a scalar line in the two-loop diagrams of Figure   2 . The diagrams in Figure 3 contribute. Being careful to take the contour C into account, suppressing adjoint indices and working to O(g 2 N ), we obtain 
(2.17)
With analogous definitions for the gluons, fermions and ghosts, we can also write down the evolution equations for the statistical propagators and spectral functions of these fields.
For gluons, the equations are
The fermion equations are
Finally, the ghost equations are
The corresponding Σ 
Discussion and conclusions
In this paper we used the nPI effective action approach to write down the 2PI effective action of N = 4 SYM. We then wrote down the evolution equations for the two-point correlators of scalars, gluons, fermions and ghosts in the theory. A particularly pleasing property of N = 4 SYM is that it is a finite theory, so no renormalization is required. nPI effective actions enable us to set up a very efficient nonperturbative approximation scheme for nonequilibrium QFT, in the hope that we may bypass the usual problems of secularity and non-universality experienced by the standard perturbative approaches. It would be interesting to see the dependence of our results on gauge fixing, since the 2PI effective action in general has a gauge dependence [9] .
An important step in understanding the nonequilibrium dynamics of quantum fields is to understand how systems which are initially far from equilibrium approach thermal equilibrium at late times. We want to understand thermalization in QFTs which have a holographic dual, in particular N = 4 SYM. Thus, a first step in extending our result would be to consider various initial conditions and solve the equations of motion, thereby allowing one to explore thermalization in this theory. Arguably the simplest possibility is to consider gaussian initial conditions and solve the equations of motion numerically (any such solution would have to be numerical, due to the extremely nonlinear and coupled nature of the evolution equations). One could them move on to more complicated initial conditions, since physical initial conditions may not be gaussian. In particular, since N = 4 SYM is a supersymmetric conformal field theory, supersymmetric initial conditions may simplify things. Exploring thermalization in this theory and comparing it to that in QCD would potentially give insights as to why the RHIC data seems to be well-described by the strongly coupled N = 4 theory. It would also be interesting to investigate the implications for black hole formation and evaporation, since, through holography, the process of thermalization is expected to be mapped to horizon formation on the gravitational side. In the context of holography, a similar formulation was developed in [23, 24, 25] , but instead for gauge invariant operators without the 2PI technique. Finally, the single ghost propagator correction is given in Figure 6 , with 
